


















Maximally Path-Entangled Number States Violate a Bell’s Inequality
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We show that nonlocal correlation experiments on the two spatially separated modes of a maximally path-
entangled number state may be performed and lead to a violation of a Clauser-Horne Bell inequality for any finite
photon number N. We present also an analytical expression for the two-mode Wigner function of a maximally
path-entangled number state and investigate a Clauser-Horne-Shimony-Holt Bell inequality for such states.
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Maximally path-entangled number states of the form
|Ψ〉= 1√
2
(|N〉a|0〉b + eiϕ|0〉a|N〉b) , (1)
(often abbreviated to NOON states) have important applica-
tions to quantum imaging [1], metrology [2, 3], and sens-
ing [4]. Characterizing their quantum mechanical proper-
ties is therefore a valuable task for improving upon sug-
gested schemes. Entanglement is the most profound prop-
erty of quantum mechanical systems. NOON states are non-
separable states and hence are entangled. But do they also
show nonlocal behavior when we perform a correlation exper-
iment on the modes? The amount of nonlocality demonstrated
by a Bell-type experiment provides an operational meaning
of entanglement. It distinguishes between the class of states
that are entangled but do admit a local hidden variable model
and those which do not and so may be called EPR correlated
[5]. Several publications [6] address the question whether the
NOON states are EPR correlated for the case N = 1. Gisin
and Peres have shown that for any nonfactorable pure state
of two quantum systems it is possible to find pairs of ob-
servables whose correlations violate a Bell’s inequality [7].
This result was later extended to more than two systems by
Popescu and Rohrlich [8]. Recent experiments [9] have re-
ported strong evidence that NOON states violate a Bell’s in-
equality for N = 1, leaving open the question as to what ex-
periments might show EPR correlations for N > 1. We pro-
pose for the first time a specific experiment that shows that
NOON states are EPR correlated for any finite N. We inves-
tigate two measurement schemes using the unbalanced homo-
dyne tomography setup described in [10] and compare the
results. The correlation functions we calculate can be re-
lated to well-known phase space distributions, the two-mode
Q function and the two-mode Wigner function. Banaszek and
Wo´dkiewicz first pointed out the operational meaning of the Q
and Wigner function [10]. We modify this approach and cal-
culate the distribution functions for the NOON states entirely
from these phase space distributions, and thereby construct a
Clauser-Horne and a Clauser-Horne-Shimony-Holt Bell’s in-
equality.
Experimentally this can be implemented with an unbal-
anced homodyne tomography setup as given, for example, in
[10] and shown in Fig. 1. For simplicity we choose ϕ = pi for
FIG. 1: Unbalanced homodyne tomography setup for a Bell experi-
ment with NOON states. Here |Ψ〉= 1√2 (|N〉a|0〉b−|0〉a|N〉b) and a
and b label the modes.
the states in Eq. (1). It is now understood that the introduction
of a reference frame is required in any Bell test [11]. Claims
that NOON states do not violate Bell-type experiments have
not properly appreciated this point. In the number basis, a
shared local oscillator acts as the required reference frame.
The beam splitters in this approach are assumed to operate in
the limit where the transmittivity T → 1. We further assume
that a strong coherent state |γ〉, where |γ| → ∞, is incident to
one of the two input ports. The beam splitter then acts as the
displacement operator ˆD(γ
√
1−T) on the second input port
[12, 13, 14]. We introduce complex parameters α = γa
√
1−T
and β = γb√1−T . The phase space parameterization with re-
spect to these is then analogous to a correlation experiment
with polarized light and different relative polarizer settings,
where the nonlocality of polarization entangled states such as
|Ψ〉= (|H〉a|V 〉b−|V〉a|H〉b)/
√
2 is well established.
In the first experimental setup we consider a simple non-
number resolving photon-detection scheme. In the case of the
homodyne tomography setup under consideration, the local
positive operator valued measures (POVM’s) are given by,





|n〉〈n| ˆD†(α) . (3)
2These operators fulfill the completeness relation ˆQ(α) +
ˆP(α) = ˆ1, where we assume lossless detectors for our inves-
tigation. The expectation value of ˆQ(α) tells us if no photons
are present, depending on the phase and amplitude of the local
oscillator. The expectation value of ˆP(α) gives the probabil-
ity of counting one or more photons, while not distinguish-
ing between one or more photons. So we simply assign a 1
to a detector click and a 0 otherwise, giving us a binary re-
sult. We label the two modes of the NOON state by a and
b so that the corresponding measurement operators for a cor-
related measurement of the displaced vacuum can be written
as ˆQa(α)⊗ ˆQb(β). The expectation value for the state |Ψ〉 is
given by
Qab(α,β) = 〈Ψ| ˆQa(α)⊗ ˆQb(β)|Ψ〉= |〈α,β|Ψ〉|2 . (4)
This is the two-mode Q function of the NOON state up to a
factor 1/pi2, and the result is given by
Qab(α,β) = 12N!e
−(|α|2+|β|2)|αN −βN|2 . (5)
To obtain the expectation values for the individual measure-
ments we calculate














Using the completeness relation ˆP(α) = ˆ1− ˆQ(α), we eas-
ily obtain the probabilities for the correlated and single de-
tector counts — Pa(α) = 1−Qa(α), Pb(β) = 1−Qb(β), and
Pab(α,β) = 1−Qa(α)−Qb(β)+Qab(α,β) — in terms of the
Q functions. We build from these the Clauser-Horne com-
bination (CH) [15], which for a local hidden variable model
admits the inequality,
−1 ≤ Pab(α,β)−Pab(α,β′)+ Pab(α′,β)+ Pab(α′,β′)
−Pa(α′)−Pb(β)≤ 0 . (8)
If this inequality is violated for a NOON state it follows that
the state contains nonlocal correlations, i.e., is EPR correlated.
In order to attain such a violation, we minimize the func-
tion CH = Pab(α,β)−Pab(α,β′) + Pab(α′,β)+ Pab(α′,β′)−
Pa(α′)−Pb(β) for a given N over the parameter space spanned
by α, α′, β, and β′. The violation of the Clauser-Horne combi-
nation for the NOON states with N = 1, . . . ,5 is shown in Ta-
ble I and displayed in Fig. 2, where we decomposed the com-
plex parameters as follows: α = a+ ib, β = c+ id, α′ = e+ i f
and β′ = g + ih.
The results show a decrease in the amount of violation with
N. The maximal violation is obtained for N = 1. For N ≥ 3
the violation is so reduced that it would be increasingly hard
to observe experimentally. If we increase the precision of our
numerical method we observe that for large N the minimum
of the CH combination in fact never hits the classical bound
N 1 2 3 4 5
CH −1.3930 −1.3338 −1.0027 −1.0003 −1.0000
a −0.5121 −1.0672 +0.6858 +0.4988 −0.0008
b +0.5735 +0.2517 −0.1039 +0.5285 +0.0041
c −0.0046 +1.8365 −0.0000 −0.0000 +0.0000
d +1.1584 −0.4332 +0.0000 +0.0000 +0.0000
e +1.0783 +0.4332 +0.0000 −0.0000 +0.0000
f +0.4232 +1.8365 −0.0000 −0.0000 +0.0000
g +0.7221 +0.2517 +0.2530 +0.0210 +0.0101
h −0.2643 +1.0672 −0.6459 −0.7264 −0.0506
TABLE I: Numerical values for the CH inequality.







FIG. 2: Violation of the Clauser-Horne Bell in-
equality as a function of N.
of −1 exactly, i.e., there is a violation of the inequality for
any finite N, which can be shown as follows. Let N be finite
and odd. We choose α′ = β = 0 and α = −β′, then the CH
combination reduces to CH = 1/N! |α|2Ne−|α|2(1−2e−|α|2)−
1. For any 0 < |α|2 < ln2, we obtain CH < −1. For even N
the same proof holds except that we need to choose α = β′
instead.
The Bell measurement presented leads to a decrease of the
amount of violation with N. This decrease with N is due to
the specific way the reference frame is introduced in terms
of the local displacement operators ˆD(α) and ˆD(β) for the
correlation measurement. The scheme is based on measuring
the overlap of coherent states with the modes of the NOON
state. The elements contained in Eq. (4) are of the form
〈N,0|α,β〉 and 〈0,N|α,β〉. It would require, e.g., for α to
take at the same time the values |α|2 = N and |α|2 = 0 in or-
der to maximize these products. Since the ‘distance’ of N to
the vacuum becomes larger with N, the correlated overlap is
reduced. This may explain the decrease in the amount of vi-
olation observed. We can also display some correlations by







−∞ Qab(a,b,c,d)dadc. These probability
densities are displayed in Fig. 3, 4, and 5, for N = 1,2,3. We
see that the distributions for N = 2,3 have a higher symmetry
than for N = 1.







−∞(b− ¯b)(d− ¯d)Qm(b,d) db dd, van-










FIG. 3: The marginal Q function Qm(b,d) for N = 1.










FIG. 4: The marginal Q function Qm(b,d) for N = 2.
ishes for all N > 1, although we see from the pictures that the
two phase space variables are statistically dependent. This is
an indication for nonlinear correlations between the two phase
space variables. Note that the measurement described by the
operators in Eq. (2) and Eq. (3) requires only non-number re-
solving photon counters and may therefore be performed with
current detector technology. In the next section we consider
a correlated parity measurement on the modes and investigate
the amount of violation in this scheme.
An operational meaning of the two-mode Wigner function
for the NOON state is given in terms of a correlated parity
measurement [10]. The measurements can be described by










FIG. 5: The marginal Q function Qm(b,d) for N = 3.










|2k + 1〉〈2k + 1| ˆD†(α) . (10)
The corresponding operator for the correlated measurement of
the parity on mode a and b may be defined as:
ˆΠ(α,β) =
(




ˆΠ(+)b (β)− ˆΠ(−)b (β)
)
.
The outcome of the measurements are either +1 or−1. It may
be noted that this operator can be rewritten as
ˆΠ(α,β) = ˆDa(α) ˆDb(β)(−1)nˆa+nˆb ˆD†a(α) ˆD†b(β) , (11)
and is equivalent to the operator for the Wigner function in
[16, 17] (up to a factor 4/pi2). We note that the operator in
Eq. (11) is essentially a product of operators for mode a and
b:
ˆΠ(α,β) = ˆDa(α)(−1)nˆa ˆD†a(α) ˆDb(β)(−1)nˆb ˆD†b(β) . (12)
Using this property the expectation value of Eq. (12) for the
NOON state can be expressed as a function of two Laguerre
polynomials and an interference term,








(α∗NβN + αNβ∗N)] , (13)
where LN(x) is the Laguerre polynomial [18] and the
two-mode Wigner function is obtained from W (α,β) =
Π(α,β)4/pi2. By building the combination CHSH [19] de-
fined by B = Π(α,β)+Π(α′,β)+Π(α,β′)−Π(α′,β′), where
|B| ≤ 2, we determine how this Bell inequality is violated as
a function of N. A minimization procedure in the parameter
space α, α′, β, and β′ as a function of N was carried out with a
numerical routine to investigate the amount of violation, and
we used the same definition for the complex parameters as
previously. The results are shown in Table II. We see that
the correlated parity measurement leads to a violation of the
CHSH Bell inequality for N = 1, and that states with larger N
do not violate the inequality.
The Wigner function may also be used to display some
of the correlations for better understanding this behavior.
We therefore calculate the marginals of the Wigner func-





−∞ W (a,b,c,d)dadc. The function Wm(b,d) is positive
definite and can be interpreted as the probability density for
the remaining variables. From the density plots in Fig. 6, 7,
and 8 we see that the probability densities become more sym-
metric the larger N becomes, similar to the previous case for
the marginals of the Q function, but the interference structures
4N 1 2 3 4 5
B −2.2387 −1.4218 −1.6386 −0.6278 −1.4714
a +0.0471 +0.5117 −0.0000 −0.4154 +0.6876
b −0.0388 +0.4283 +0.0000 +0.2338 +0.3255
c −0.0471 −0.5117 +0.0000 +0.3992 −0.0000
d +0.0388 −0.4283 −0.0000 −0.1624 −0.0000
e −0.2615 −0.0000 +0.8542 +0.4237 −0.0000
f +0.2158 −0.0000 +0.3518 +0.0957 +0.0000
g +0.2615 −0.0000 +0.1224 −0.8121 +0.7862
h −0.2158 −0.0000 +0.9156 +0.4805 −0.8335
TABLE II: Numerical values for the CHSH inequality as a function
of N.










FIG. 6: The marginal Wigner function Wm(b,d) for N = 1.
are much more pronounced than for the Q function. Here we
obtain also a vanishing correlation coefficient r for all N > 1
from which we can infer that a nonlinear correlation measure
is necessary to describe these correlations.
We conclude from the results of the first section that a set
of parameters can always be found which violate the CH in-
equality in Eq. (8). Therefore NOON states show EPR corre-
lations for any finite N. The presented setup is very promis-
ing for demonstrating EPR correlations of NOON states with
low photon numbers N experimentally. In future work we
will investigate the use of other reference oscillators such
as squeezed light, as well as the robustness of the proposed
schemes to inefficiencies in the photodetectors.
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FIG. 7: The marginal Wigner function Wm(b,d) for N = 2.










FIG. 8: The marginal Wigner function Wm(b,d) for N = 3.
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